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Exact Distance Computation

▶ Given: G = (V,E), n = |V |, m = |E|

▶ Find: Distance matrix M such that

∀i, j M [i, j] = distG(i, j)

▶ Time: O(mn) or O(n3)
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Distance (+2) Approximation

▶ Given: G = (V,E), n = |V |, m = |E|

▶ Find: Matrix M such that ∀i, j

distG(i, j) ⩽ M [i, j] ⩽ distG(i, j) + 2

▶ Goal: O(n2.5) time
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Graph Sparsification

▶ Given: G = (V,E), n = |V |, m = |E|

▶ Question: Sparsify G (remove edges) such that ∀i, j

dist(i, j) is increased by at most + 2

▶ Goal: O(n1.5) edges
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Distance Approximation
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Why +2 error

Lemma:
Suppose x, y ∈ V and Px,y = (x, y)-shortest-path. Also v ∈ Px,y

and r ∈ NG(v).

Then,
distG(x, r) + distG(r, y) ⩽ distG(x, y) + 2.

Remark: We use this lemma only when Px,y has high degree vertices.
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Case 1: All vertices in Px,y have low degree

Notation

H =
(
V,

⋃
z∈V s.t.

deg(z)<
√
n

Edges(z)
)

Lemma:
Suppose x, y ∈ V and Px,y has all vertices of degree at most

√
n.

Then,

distG(x, y) = distH(x, y).
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Hitting Set

• Let v1, . . . , vk be vertices of high degree (⩾ L).

• Let R be a random set obtained by including each vertex
independently with probability p = 1

L .

• Then E[ |N(vi) ∩R| ] ⩾ 1, for all i.
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Hitting Set

• Let v1, . . . , vk be vertices of high degree (⩾ L).

• Let R be a random set obtained by including each vertex
independently with probability p = 4 logn

L .

• Then |N(vi) ∩R| ⩾ 1, for all i, with probability 0.9999....
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Hitting Set

Proof sketch

For any vi, probability |N(vi) ∩R| = 0 is

(
1− 4 log n

L

)|N(vi)|
≤

(
1− 4 log n

L

)L
≤ e−4 lnn =

1

n4
.

Therefore, by Union bound, the probability that |N(vi) ∩R| = 0,
for some i ∈ [1, k], is at most 1

n3 .
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Case 2: At least one vertex in Px,y has high degree

Lemma:
Suppose Px,y has a vertex, say v, of degree more than

√
n, and

let R be random set of O(
√
n log n) size.

Then,

min
r∈R

(
distG(x, r) + distG(r, y)

)
≤ distG(x, y) + 2.
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Algorithm

1. Compute all-pairs distances in H =
(
V,

⋃
z∈V s.t.

deg(z)<
√
n
Edges(z)

)
2. Let R be random set of size O(

√
n log n).

3. For r ∈ R, find BFS(r).

4. For x, y ∈ V :

M [x, y] = min
(
distH(x, y), min

r∈R
(distG(x, r) + distG(r, y))

)

Theorem [DHZ96]

For any n vertex undirected graph G, a +2 approximate distance matrix
can be computed in O(n2.5 log n) time.
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Graph Sparsification
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Graph Sparsification

▶ Problem: Find a subgraph H of G such that ∀i, j

distH(i, j) ≤ distG(i, j) + 2

▶ Goal: O(n1.5) edges
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Algorithm

1. Initialise graph H =
(
V,

⋃
z∈V s.t.

deg(z)<
√
n
Edges(z)

)
2. Let R be random set of size O(

√
n log n).

3. For r ∈ R, add edges of BFS(r) to H.

4. Return H.

Theorem [DHZ96]

For any n vertex G, we can find an O(n1.5 log n) sized distance-sparsifier
with additive error +2 in O(n2.5 log n) processing time.
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Question

Can you get distance-sparsifier with +1 additive error?

Answer: No!
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Related Upper/Lower bounds

Stretch Size of Sparsifer Remark

+2 O(n1.5) [DHZ96]

+4 O(n1.4) [BKMP05]

+6 O(n1.33) [Che13]

+c Ω(n4/3) [AB16]

Table: Distance Sparsifiers
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Exercises

Compute

a sparsifier H with +2 additive error, and

+2 approximate distance matrix

in better than n2.5 time.
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Computing H in O(n2.33) time

1. Max-deg in Px,y lies in [1,
√
n]

− Add to H all edges incident to vertices of deg ⩽
√
n

2. Max-deg in Px,y lies in [n2/3, n− 1]

− Let R be random set of size O(n1/3 log n). For each r ∈ R,
add to H edges of BFS(r).

3. Max-deg in Px,y lies in [
√
n, n2/3]

− Let R∗ be random set of size O(
√
n log n). For each r ∈ R∗,

add to H edges of BFS(r) computed in graph G[deg ⩽ n2/3].
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Exercise 1

Graph Sparsification

Compute a sparsfifer H with +2 additive error in O(n2 log2 n)
processing time.

Hint
For the range [

√
n, n− 1], consider following log n partitions

[
√
n, 2

√
n], . . . , [2i, 2i+1], . . . , [n−1

2 , n− 1].
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Exercise 2

Distance approximation

Compute approximate distance matrix with +2 additive error in
O(n2.33) time.

Hint
Use the 3-level partitioning with additional ideas for BFS traversal.
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